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Se f : X → [−∞,+∞] una funzione misurabile, dato A ∈ A diremo
che f e` integrabile su A se e` integrabile la funzione f1A. In tale caso
l’integrale di f su A e` definito da∫
A
f dµ :=
∫
X
f1A dµ
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Se f : X → [−∞,+∞] una funzione misurabile, dato A ∈ A diremo
che f e` integrabile su A se e` integrabile la funzione f1A. In tale caso
l’integrale di f su A e` definito da∫
A
f dµ :=
∫
X
f1A dµ
Lo Spazio L(X) e` l’insieme di tutte le funzioni reali sommabili su
X
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Proprieta` valide quasi dappertutto Se (X,A, µ) , e` uno spazio di
misura una proprieta` P relativa agli elementi di X e` detta valida µ
quasi ovunque se l’insieme E dei punti di X dove la proprieta` P non
e` verificata ha misura nulla.
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misura una proprieta` P relativa agli elementi di X e` detta valida µ
quasi ovunque se l’insieme E dei punti di X dove la proprieta` P non
e` verificata ha misura nulla. In altre parole, una proprieta` e` vera µ
quasi ovunque se esiste un insieme N ∈ A tale che µ(N) = 0 e che
contiene tutti i punti ove la proprieta` P non e` verificata.
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Proprieta` valide quasi dappertutto Se (X,A, µ) , e` uno spazio di
misura una proprieta` P relativa agli elementi di X e` detta valida µ
quasi ovunque se l’insieme E dei punti di X dove la proprieta` P non
e` verificata ha misura nulla. In altre parole, una proprieta` e` vera µ
quasi ovunque se esiste un insieme N ∈ A tale che µ(N) = 0 e che
contiene tutti i punti ove la proprieta` P non e` verificata.
Esempio Siano f, g : X → [−∞,+∞] misurabili. Diciamo che f = g
quasi ovunque se
µ ({x ∈ X | f(x) 6= g(x)}) = 0
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Esempio Siano f, g : X → [−∞,+∞] misurabili. Diciamo che f ≤ g
quasi ovunque se
µ ({x ∈ X | f(x) > g(x)}) = 0
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Esempio Siano f, g : X → [−∞,+∞] misurabili. Diciamo che f ≤ g
quasi ovunque se
µ ({x ∈ X | f(x) > g(x)}) = 0
Proposizione Sia (X,A, µ) , e` uno spazio di misura, con µ completa
e siano f, g : X → [−∞,+∞] due funzioni uguali quasi ovunque. Se
f e` misurabile, allora anche g e` misurabile. Inoltre se f ∈ L(X) allora
anche g ∈ L(X) e vale: ∫
X
f dµ =
∫
X
g dµ
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Integrale con la misura di Lebesgue in R
L’integrale di Lebesgue e` la generalizzazione dell’integrale di Riemann.
Il Teorema di Lebesgue Vitali illustra completamente le relazioni fra
le due nozioni di integrale.
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Teorema di Lebesgue Vitali
Sia f : [a, b]→ R una funzione limitata. Allora
a) f ∈ R ([a, b]) ⇐⇒ f ∈ C ([a, b]) per quasi ogni x ∈ [a, b]
b) f ∈ R ([a, b]) =⇒ f ∈ L ([a, b] , `) e vale∫ b
a
f(x) dx =
∫
[a,b]
f d`
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Theorem Generation of measures
Let (X,A, µ) a measure space, f : X → [0 +∞] nonnegative and
measurable. Then for any A ∈ A
φ(A) :=
∫
A
fdµ
is a measure on A
Moreover φ is finite, i.e. φ(X) < +∞ if and only if f ∈ L(X,µ)
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Every nonnegative measurable function on a measure space (X,A, µ)
generates a new measure.
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Every nonnegative measurable function on a measure space (X,A, µ)
generates a new measure.
Theorem Generation of measures
Let (X,A, µ) a measure space, f : X → [0 +∞] nonnegative and
measurable. Then for any A ∈ A
φ(A) :=
∫
A
fdµ
is a measure on A
Moreover φ is finite, i.e. φ(X) < +∞ if and only if f ∈ L(X,µ)
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Proof. It is obvious that φ(∅) = 0. To complete the proof we have
to prove that if An ∈ A, n ∈ N is such that Ai ∩ Aj = ∅ for i 6= j
putting A =
∞⋃
n=1
An then:
φ(A) =
∞∑
n=1
φ(An)
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If f is a characteristic function of some measurable set E the countable
additivity of φ follows from the countable additivity of µ since in this
case we have
φ(A) =
∫
A
1Edµ = µ(A ∩ E)
10/24 Pi?
22333ML232
If f is a characteristic function of some measurable set E the countable
additivity of φ follows from the countable additivity of µ since in this
case we have
φ(A) =
∫
A
1Edµ = µ(A ∩ E)
Thus if A, B ∈ A with A ∩B = ∅ then
φ(A ∪B) = µ((A ∪B) ∩ E) = µ((A ∩ E) ∪ (B ∩ E))
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case we have
φ(A) =
∫
A
1Edµ = µ(A ∩ E)
Thus if A, B ∈ A with A ∩B = ∅ then
φ(A ∪B) = µ((A ∪B) ∩ E) = µ((A ∩ E) ∪ (B ∩ E))
But since (A ∩ E) ∩ (B ∩ E) = ∅ then
φ(A ∪B) = µ((A ∩ E) ∪ (B ∩ E)) = µ(A ∩ E) + µ(B ∩ E)
= φ(A) + φ(B)
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If f is a characteristic function of some measurable set E the countable
additivity of φ follows from the countable additivity of µ since in this
case we have
φ(A) =
∫
A
1Edµ = µ(A ∩ E)
Thus if A, B ∈ A with A ∩B = ∅ then
φ(A ∪B) = µ((A ∪B) ∩ E) = µ((A ∩ E) ∪ (B ∩ E))
But since (A ∩ E) ∩ (B ∩ E) = ∅ then
φ(A ∪B) = µ((A ∩ E) ∪ (B ∩ E)) = µ(A ∩ E) + µ(B ∩ E)
= φ(A) + φ(B)
The extension to countable union of disjoint sets is straightforward
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If f is simple the conclusion again holds since
f =
∑
i
fi1Ei
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In the general case of f nonnegative measurable, for any simple func-
tion s such that 0 ≤ s ≤ f we have∫
A
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If f is simple the conclusion again holds since
f =
∑
i
fi1Ei
In the general case of f nonnegative measurable, for any simple func-
tion s such that 0 ≤ s ≤ f we have∫
A
s dµ =
∞∑
n=1
∫
An
s dµ ≤
∞∑
n=1
∫
An
f dµ =
∞∑
n=1
φ(An)
Thus recaling the definition of integral of a measurable function we
find, taking the supremum:
sup
0≤s≤f
∫
A
s dµ =
∫
A
f dµ = φ(A) ≤
∞∑
n=1
φ(An) (A)
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For any ε > 0 we can choose a simple function s such that 0 ≤ s ≤ f
and that ∫
A1
s dµ ≥
∫
A1
f dµ− ε
2
,
∫
A2
s dµ ≥
∫
A2
f dµ− ε
2
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For any ε > 0 we can choose a simple function s such that 0 ≤ s ≤ f
and that ∫
A1
s dµ ≥
∫
A1
f dµ− ε
2
,
∫
A2
s dµ ≥
∫
A2
f dµ− ε
2
Thus
φ(A1 ∪ A2) =
∫
A1∪A2
s dµ =
∫
A1
s dµ+
∫
A2
s dµ ≥ φ(A1) + φ(A2)− ε
13/24 Pi?
22333ML232
so we can infer that
φ(A1 ∪ A2) ≥ φ(A1) + φ(A2)
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so we can infer that
φ(A1 ∪ A2) ≥ φ(A1) + φ(A2)
It follows that for any n ∈ N we have
φ(A1 ∪ · · · ∪ An) ≥ φ(A1) + · · ·+ φ(An) (∗)
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so we can infer that
φ(A1 ∪ A2) ≥ φ(A1) + φ(A2)
It follows that for any n ∈ N we have
φ(A1 ∪ · · · ∪ An) ≥ φ(A1) + · · ·+ φ(An) (∗)
Since A ⊃ A1 ∪ · · · ∪ An from (∗) follows
φ(A) ≥
∞∑
n=1
φ(An) (B)
Thesis then follows from (A) and (B). 
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Passage to the limit
Consider the family of intervals In = [0, n] and define the sequence of
functions
fn =
1
n
1In
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Passage to the limit
Consider the family of intervals In = [0, n] and define the sequence of
functions
fn =
1
n
1In
Observe that
∫
R
fndx = 1 but since lim
n→∞ fn = 0 we cannot interchange
the limit with the integral
lim
n→∞
∫
R
fndx 6=
∫
R
lim
n→∞ fndx
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Beppo Levi Theorem (monotone convergence)
Let E ∈ A and (fn) a sequence of measurable functions such that for
any x ∈ E
0 ≤ f1(x) ≤ f2(x) ≤ · · · ≤ · · · (C)
Put
f(x) = lim
n→∞ fn(x). (D)
Then
lim
n→∞
∫
E
fndµ =
∫
E
fdµ
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Remark. If fn is decreasing Levi’s theorem does not hold.
In fact take fn(x) =
1
n
for any x ∈ R in such way for any n ∈ N∫ ∞
−∞
fn(x)dx =∞
but fn(x)↘ f(x) = 0
17/24 Pi?
22333ML232
Proof. From (C) we infer that there exists α ∈ [0,+∞] such that
lim
n→∞
∫
E
fndµ = α
17/24 Pi?
22333ML232
Proof. From (C) we infer that there exists α ∈ [0,+∞] such that
lim
n→∞
∫
E
fndµ = α
On the other side since
∫
E
fndµ ≤
∫
E
fdµ we have
α ≤
∫
E
fdµ (E)
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Fix 0 < c < 1 and a simple function such that 0 ≤ s ≤ f and, for any
n ∈ N define:
En = {x ∈ E | fn(x) ≥ cs(x)}
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Fix 0 < c < 1 and a simple function such that 0 ≤ s ≤ f and, for any
n ∈ N define:
En = {x ∈ E | fn(x) ≥ cs(x)}
from (C) we infer E1 ⊂ E2 ⊂ · · · ⊂ · · · and from (D)
E =
∞⋃
n=1
En
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On the other side for any n ∈ N we have∫
E
fndµ ≥
∫
En
fndµ ≥ c
∫
En
sdµ (F)
Take the limit n→∞ in (F). Since for the generation measure theo-
rem the integral is a countable additive set function we can use the
theorem for the increasing sequences of nested sets to infer
α ≥ c
∫
E
sdµ.
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On the other side for any n ∈ N we have∫
E
fndµ ≥
∫
En
fndµ ≥ c
∫
En
sdµ (F)
Take the limit n→∞ in (F). Since for the generation measure theo-
rem the integral is a countable additive set function we can use the
theorem for the increasing sequences of nested sets to infer
α ≥ c
∫
E
sdµ.
Taking the limit c↗ 1 we see that
α ≥
∫
E
sdµ
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Now take the supremum for s
α ≥
∫
E
fdµ (G)
Thesis follows from (D), (E) and (F). 
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Analytic functions
Given a C∞ function f(x) we say that is real analytic in the interval
(x0 − ρ, x0 + ρ) if it is possible to expand f(x) in Taylor series
f(x) =
∞∑
n=0
f (n)(x0)
n!
(x− x0)n
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Examples
1
1− x =
∞∑
n=0
xn, |x| < 1
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Analytic functions
Given a C∞ function f(x) we say that is real analytic in the interval
(x0 − ρ, x0 + ρ) if it is possible to expand f(x) in Taylor series
f(x) =
∞∑
n=0
f (n)(x0)
n!
(x− x0)n
Examples
1
1− x =
∞∑
n=0
xn, |x| < 1
ex =
∞∑
n=0
xn
n!
, x ∈ R, sinx =
∞∑
n=1
(−1)n−1 x
2n−1
(2n− 1)! , x ∈ R
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Theorem
If
∞∑
n=1
fn a series of positive functions on X then
∫
X
∞∑
n=1
fndµ =
∞∑
n=1
∫
X
fndµ
It is an immediate consequence of Beppo Levi theorem
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Example. Evaluate ∫ 1
0
lnx
x2 − 1dx
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Example. Evaluate ∫ 1
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We use the geometric series
∞∑
n=1
xn−1 =
1
1− x, |x| < 1 to infer
1
1− x2 =
∞∑
n=1
x2(n−1) =
∞∑
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Example. Evaluate ∫ 1
0
lnx
x2 − 1dx
We use the geometric series
∞∑
n=1
xn−1 =
1
1− x, |x| < 1 to infer
1
1− x2 =
∞∑
n=1
x2(n−1) =
∞∑
n=0
x2n
then use Levi’s theorem∫ 1
0
lnx
x2 − 1dx =
∫ 1
0
− lnx
1− x2dx =
+∞∑
n=0
∫ 1
0
(−x2n lnx) dx.
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Integrating by parts yields∫ 1
0
(−x2n lnx) dx =
[
− x
2n+1
2n+ 1
lnx
]1
0
+
∫ 1
0
x2n
2n+ 1
dx
(L)
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Integrating by parts yields∫ 1
0
(−x2n lnx) dx =
[
− x
2n+1
2n+ 1
lnx
]1
0
+
∫ 1
0
x2n
2n+ 1
dx
=
1
(2n+ 1)2
(L)
so that considering (L), we can write∫ 1
0
lnx
x2 − 1dx =
+∞∑
n=0
1
(2n+ 1)2
